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Abstract
We prove that if m¿ 3 is odd and not divisible by 9 then we can construct a pair of
orthogonal orthomorphisms of Zm. From this we derive new lower bounds on the number of
pairwise orthogonal orthomorphisms of classes of dihedral groups of doubly even order, and
classes of linear groups. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A bijection  :G → G of a 5nite group G is an orthomorphism of G if the mapping
x → x−1(x) is also a bijection, and two orthomorphisms ; , of G are said to be
orthogonal if the mapping x → (x)−1(x) is a bijection. If  is an orthomorphism
of G then the mapping x → x−1(x) is called a complete mapping of G. We use
Orth(G) to denote both the set of orthomorphisms of G as well as the orthomorphism
graph of G; the graph whose vertices are the orthomorphisms of G, adjacency being
synonymous with orthogonality.
The clique number of Orth(G), denoted !(Orth(G)) or !(G) for short, is the max-
imum possible number of pairwise orthogonal orthomorphisms of G. This number is
of importance, as from r pairwise orthogonal orthomorphisms of a group G, we can
construct a set of r + 1 mutually orthogonal latin squares (MOLS), each square of
which is obtained from the multiplication table of G by permuting columns. The value
of !(G) is known for very few classes of groups. Very little is known about !(G)
if G is non-abelian, and for many non-soluble groups it is not even known if or-
thomorphisms exist. Information on orthomorphisms can be found in the text [7] or
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the more recent survey article [1], and information on latin squares can be found in
Refs. [5,6].
Dn, the dihedral group of order 2n, possesses orthomorphisms if and only if n is
even: this is a special case of Theorems 5 and 6 of [9]. Explicit constructions of
complete mappings, and hence orthomorphisms, of Dn when n is a power of 2 are
given in Lemma 1 of [9], and, more generally, for n even in [10] and in Theorem 4:1
of [11]. Thus !(Dn)¿ 1 if and only if n is even. For the small cases, it is known
that !(D4)= 1 (see Theorem 2 of [12]), !(D6)= 2 (from the table of maximal sets
of MOLS in [2]), and !(D8)¿ 3 (see Proposition 3:1 of [13]). In Corollary 2:2 of [3]
it is proved that !(D2n)¿ 2 whenever n ≡ 1 or 5mod 6, i.e., whenever n is neither
even nor divisible by 3: In Corollary 2:3 of this same paper it is shown, using results
of [15], that !(Dn)¿ 2 for n=30, 42, 66, and 78.
In this paper we will improve on the results of [3] by proving that !(D2n)¿ 2
whenever n¿ 3 is odd and not divisible by 9. We will also derive new lower bounds
for !(D8n); n¿ 3 odd and not divisible by 9, and for !(GL(2; q)) and !(SL(2; q)); q
even, q =2, neither q− 1 nor q+ 1 divisible by 9.
2. Results
It is known that, if m is odd and p is the smallest prime divisor of m then
!(Zm)¿p − 2: To see this, note that the mappings x → x2; x → x3; : : : ; x → xp−1
are pairwise orthogonal orthomorphisms of Zm. Thus, if m is not divisible by 3 then
!(Zm)¿ 3. This lower bound drops to !(Zm)¿ 1 if m is divisible by 3. All of our
results depend on improving this lower bound. But, 5rst we need a technical lemma.
Lemma 1. Let Rt be the ring of integers modulo t; and Rs be the ring of integers
modulo s. Let h; k :Rt → Rs satisfy h(x) a unit in Rs for all x∈Rt . Let ; ′ be units
in Rt satisfying ′=1. Let y ∈Rt for each ∈Rs. Let Zs= 〈a〉 and Zt = 〈b〉.
De1ne  :Zs × Zt → Zs × Zt by (aybx)= ayh(x+y′)+k(x+y′)bx+y . Then;  is a
bijection.
Proof. If (aybx)= (azbw) then, comparing the powers of b yields x+y′=w+z′.
Thus, comparing the powers of a yields (y − z)h(x + y′)= 0. Hence z=y, and so
w= x.
Theorem 1. If m¿ 3 is odd and not divisible by 9 then !(Zm)¿ 2.
Proof. We need only consider the case m=3n; n not divisible by 3, and Zm ∼= Z3×Zn.
Let Z3 = 〈a〉 and Zn= 〈b〉.
We de5ne  and  as follows.
(aybx)= ayg(x+y=2)+f(x+y=2)b2x+y ;
(aybx)= ayg(x−y)+f(x−y)b−x+y ;
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where (0; 1; 2)= (0;−2; 2),
g(x)=


1 if x=2i; i=0; : : : ; (n− 3)=2;
−1 if x=2i + 1; i=0; : : : ; (n− 3)=2;
−1 if x= n− 1; n ≡ 1mod 3;
1 if x= n− 1; n ≡ 2mod 3;
and
f(x)=


0 if x=3i; i=0; : : : ; (n− 3)=3;
1 if x=3i + 1; i=0; : : : ; (n− 3)=3;
−1 if x=3i + 2; i=0; : : : ; (n− 3)=3;
0 if x= n− 2; n ≡ 2mod 3;
−1 if x= n− 1; n ≡ 1mod 3;
1 if x= n− 1; n ≡ 2mod 3:
To complete the proof we need to show that  and  are orthogonal orthomorphisms
of Zm. This requires 5ve applications of Lemma 1 with s=3 and t= n.
To show that  is a bijection apply Lemma 1 with =2; (0; 1; 2)= (0;−2; 2);
h= g, and k =f. Further, to show that  is an orthomorphism, i.e., that aybx →
a−yb−x(aybx) is a bijection, apply Lemma 1 with =1; (0; 1; 2)= (0;−2; 2); h(x)
= g(x + 1) + f(x + 1)− f(x)− 1, and k =f: To see that it works, it is necessary to
check that h(x) =0 for all x∈Zn, and that y(g(x+ y=2)− 1) +f(x+ y=2)=yh(x+
y) + k(x + y).
To show that  is a bijection apply Lemma 1 with =− 1; (0; 1; 2)= (0;−2; 2);
h= g, and k =f. Further, to show that  is an orthomorphism, i.e., that aybx →
a−yb−x(aybx) is a bijection, apply Lemma 1 with = − 2; (0; 1; 2)= (0;−2; 2);
h(x)= g(x+1)+f(x+1)−f(x)−1, and k =f: To see that this works, it is necessary
to check that h(x) =0 for all x∈Zn, and that y(g(x − y)− 1) + f(x − y)=yh(x −
y=2) + k(x − y=2).
To show that  and  are orthogonal, i.e., that aybx → (aybx)−1(aybx) is
a bijection, apply Lemma 1 with =3; (0; 1; 2)= (0; 0; 0); h(x)= g(x − 1) −
g(x + 2) + f(x − 1) − f(x + 2), and k(x)= 0 for all x∈Zm: To see that it
works, it is necessary to check that h(x) =0 for all x∈Zn, and that y(g(x + y=2) −
g(x− y))+f(x+ y=2)−f(x− y)=yh(x+ y=3)+ k(x+ y=3), where (0; 1; 2)=
(0;−2; 2).
With this result we can now improve on the known lower bounds for !(Dn).
Theorem 2. If m¿ 3 is odd and not divisible by 9 then !(D2m)¿ 2 and !(D8m)¿ 2.
If in addition m is not divisible by 3 then !(D8m)¿ 3.
Proof. If n=2m; m¿ 3 odd, m not divisible by 9, then Dn has a cyclic normal sub-
group H of order m, and Dn=H ∼= Z2×Z2. Thus, by Corollary 2:2 of [13], !(Dn)¿min
{!(Z2 × Z2); !(Zm)}. Now it is well-known that !(Z2 × Z2)= 2 and, by Theorem 1,
!(Zm)¿ 2. Hence !(Dn)¿ 2.
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Similarly, if n=8m; m¿ 3 odd, m not divisible by 9, then Dn has a cyclic normal
subgroup H of order m, and Dn=H ∼= D8. Thus, by Corollary 2:2 of [13], !(Dn)¿min
{!(D8); !(Zm)}. Now !(D8)¿ 3 by Proposition 3:1 of [13], and !(Zm)¿ 2 by
Theorem 1. Hence !(Dn)¿ 2. If m is not divisible by 3 then !(Zm)¿ 3 and we
can improve our result to !(Dn)¿ 3.
Our results also extend to the linear groups GL(2; q) and SL(2; q), where q is even,
q =2. Proposizione 1 of [14] implies that !(SL(2; q))¿ 1, and Theorem 1:5 of [8]
proves that !(GL(2; q))¿ 1. We will improve both of these lower bounds to 2 when
q¿ 8 and neither q− 1 nor q+ 1 is divisible by 9.
Theorem 3. If q is even; q¿ 8; and neither q − 1 nor q + 1 is divisible by 9; then
!(GL(2; q))¿ 2 and !(SL(2; q))¿ 2.
Proof. Let G=GL(2; q) or SL(2; q); q even, q¿ 8, and assume that neither q−1 nor
q+1 is divisible by 9. By Theorems 1:5 and 1:6 of [8], !(G)¿min{!(Zq−1); !(Zq+1)}.
Thus, by Theorem 1, !(G)¿ 2.
Let us suggest some possible ways that the bounds in this paper might be improved.
The bound in Theorem 2 could be extended if we had better lower bounds for !(D2r ):
In almost all cases the best lower bound known is 1.
The bounds in both Theorems 2 and 3 could be improved if we had better lower
bounds in Theorem 1. There are many values of m, divisible by 3, for which better
lower bounds for !(Zm) are known. The smallest such example is m=15. From [2],
!(Z15)= 3, and so !(D120)¿ 3; !(GL(2; 16))¿ 3, and !(SL(2; 16))¿ 3. Other such
examples can be found using Corollary 2:2 of [13], diJerence set constructions (see
Chapter 5, Section 3 of [7], for example), and the diJerence matrices in Section II:2
of [4].
Suppose that the condition m not divisible by 9 in Theorem 1 can be replaced by the
condition m not a power of 3. Then we can improve the lower bound in Theorem 3 to
2 as, whenever, q¿ 8, neither q−1 nor q+1 can be a power of 3. To see this, let q be
at least 16, if q−1=3i then 3i+1 ≡ 0mod 16. But this equation has no solution, and so
q−1 cannot be a power of 3. If, on the other hand, q+1=3i then 3i−1 ≡ 0mod 4, and
so i must be even, i=2j say, j¿ 2. But then q=32j−1= (3j+1)(3j−1), and 3j+1
must be a power of 2. We have just shown that this can only happen if 3j + 1¡ 16,
i.e., j=2: However, 32 + 1 is not a power of 2.
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